
Marsden Vector Calculus 6e: Section 1.3 - Exercise 45 Page 1 of 1

Exercise 45

Show that adding a multiple of the first row of a matrix to the second row leaves the determinant
unchanged; that is, ∣∣∣∣∣∣

a1 b1 c1
a2 + λa1 b2 + λb1 c2 + λc1

a3 b3 c3

∣∣∣∣∣∣ =
∣∣∣∣∣∣
a1 b1 c1
a2 b2 c2
a3 b3 c3

∣∣∣∣∣∣ .
[In fact, adding a multiple of any row (column) of a matrix to another row (column) leaves the
determinant unchanged.]

Solution

∣∣∣∣∣∣
a1 b1 c1

a2 + λa1 b2 + λb1 c2 + λc1
a3 b3 c3

∣∣∣∣∣∣ = (a1, b1, c1) ·

∣∣∣∣∣∣
x̂ ŷ ẑ

a2 + λa1 b2 + λb1 c2 + λc1
a3 b3 c3

∣∣∣∣∣∣
= (a1, b1, c1) · [(a2 + λa1, b2 + λb1, c2 + λc1)× (a3, b3, c3)]

= (a1, b1, c1) · {[(a2, b2, c2) + (λa1, λb1, λc1)]× (a3, b3, c3)}

= (a1, b1, c1) · {[(a2, b2, c2) + λ(a1, b1, c1)]× (a3, b3, c3)}

= (a1, b1, c1) · [(a2, b2, c2)× (a3, b3, c3) + λ(a1, b1, c1)× (a3, b3, c3)]

= (a1, b1, c1) · [(a2, b2, c2)× (a3, b3, c3)]

+ (a1, b1, c1) · [λ(a1, b1, c1)× (a3, b3, c3)]

Since λ(a1, b1, c1)× (a3, b3, c3) is perpendicular to λ(a1, b1, c1) and (a1, b1, c1),
(a1, b1, c1) · [λ(a1, b1, c1)× (a3, b3, c3)] = 0, which means∣∣∣∣∣∣

a1 b1 c1
a2 + λa1 b2 + λb1 c2 + λc1

a3 b3 c3

∣∣∣∣∣∣ = (a1, b1, c1) · [(a2, b2, c2)× (a3, b3, c3)]

= (a1, b1, c1) ·

∣∣∣∣∣∣
x̂ ŷ ẑ
a2 b2 c2
a3 b3 c3

∣∣∣∣∣∣
=

∣∣∣∣∣∣
a1 b1 c1
a2 b2 c2
a3 b3 c3

∣∣∣∣∣∣ .
Therefore, adding a multiple of the first row of a matrix to the second row leaves the determinant
unchanged.
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